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Abstract

In recent decades, the theory of differential operators on metric graphs has been
the subject of extensive and systematic study, particularly due to its numerous appli-
cations in solid-state physics and engineering. From a physics standpoint, however, the
most exciting application of this theory is quantum graphs. Quantum graphs provide
effective mathematical models that allow us to study quantum systems in a framework

that makes explicit solutions possible.

Figure 1: The “classic” and exotic Coulomb potentials.

In this talk, we will construct exactly solvable models of quantum graphs with
Coulomb-type potentials whose singularities are located at the vertices (see Fig. 1).
This problem generalizes the well-known problem of constructing a one-dimensional
model of a hydrogen atom [1]. We describe all self-adjoint realizations of formal
Coulomb Hamiltonians on a star graph. Regularizing these potentials answers the
question of which vertex interactions are physically motivated for the Coulomb poten-
tials. We establish conditions under which Schrédinger operators with cut-off Coulomb
potentials coupled with (ad’ + 3§)-like ones converge in the norm resolvent topology.
The 1D Coulomb potentials and the ¢’-pseudopotential are very sensitive to their reg-
ularization method. In particular, the one-dimensional model of the hydrogen atom

shows a critical dependence on the behaviour of cut-off Coulomb potentials at small
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distances [2]. These properties are also inherent in quantum graphs with Coulomb

potentials.
This talk is based on work [3].
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